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Abstract
In the weakly hyperbolic Cauchy problem, we investigate the relation between the modulus of continuity
in the time variable of the coefficients and the well-posedness in Beurling–Roumieu classes of ultradiffer-
entiable functions and functionals. We find a sharp condition on the modulus of continuity assuring the
well-posedness in nonquasianalytic classes.
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1. Introduction
Let us consider the Cauchy problem in [0, T ] ×Rx
{
∂2t u − a(t)∂2xu = 0,
u(0, x) = u0(x), ∂tu(0, x) = u1(x),
(1.1)
where the coefficient a(t) is a continuous function satisfying the weak hyperbolicity condition
a(t) 0. (1.2)
For the sake of simplicity, we consider this model problem in one space dimension, but our
arguments can be immediately extended to the case x ∈ Rn, n 2.
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294 F. Colombini / J. Differential Equations 241 (2007) 293–304Definition 1.1. Let X be a space of functions on Rx which is closed with respect to multiplica-
tion and differentiation. X is called nonquasianalytic (respectively quasianalytic) if it contains
(respectively does not contain) nontrivial functions with compact support.
We say that the Cauchy problem (1.1) is well posed in X if for any Cauchy data u0, u1 ∈ X
there exists a unique solution
u ∈ C2([0, T ],X).
As it is well known, one of the most meaningful phenomena in the problem (1.1) is the finite
speed of propagation of the solution, so it is important to know whether we have well-posedness
in nonquasianalytic spaces or not. The answer may be negative even in the strictly hyperbolic
case as it is shown in [7]. There, for any given data u0, u1 which are not both analytic, the
authors construct a continuous coefficient a(t) > λ > 0 such that the Cauchy problem does not
have any distribution (even ultradistribution) solution.
On the other hand, the modulus of continuity of a(t) plays an essential role in determining
the spaces X of well-posedness.
It is well known that problem (1.1) is always well-posed in the space A of real analytic
functions. At least in the case of coefficients a(t) depending only on t , a stronger result follows
from the energy estimate (90) of [3]: for any given continuous nonnegative function a(t) there
exists a space X which contains A strictly and where the Cauchy problem is well posed.
In this paper, our aim is to characterize the moduli which give well-posedness in nonquasi-
analytic spaces, thus finding also which coefficients have such a weak regularity which allows
the Cauchy problem to be well-posed only in quasianalytic classes. The same problem has been
studied in [2] in the case of strictly hyperbolic operators, that is when a(t) > λ > 0.
If the coefficient a(t), even in the weakly hyperbolic case, has some regularity more than
continuity, say a ∈ Ck,α , then it is well known that the Cauchy problem (1.1) is well-posed in the
Gevrey space γ s , for s < 1 + k+α2 (see [6]), that is in some nonquasianalytic space. So, as in the
strictly hyperbolic case (see [2]), we are forced to consider the case of a(t) merely continuous
function, and, more precisely, to study its modulus of continuity.
2. Main results
Let τ0 be a positive real number and let ω : [0, τ0] → R be a continuous, increasing, concave
function such that ω(0) = 0. If I ⊂ R is an interval, a function a : I → R will be called ω-
continuous on I if there is a positive constant C such that for any |τ | τ0 when t, t + τ ∈ I∣∣a(t + τ) − a(t)∣∣ Cω(|τ |). (2.1)
In this case, ω will be called a modulus of continuity for a. Taking into account the above-
mentioned well-posedness results in the Gevrey classes of [6] when the coefficient a ∈ Ck,α , we
can suppose without loss of generality that, for any α > 0,
lim
τ→0+
τα
ω(τ)
= 0. (2.2)
Let now A′ =A′(R) be the space of real analytic functionals in R.
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lim
s→+∞Θ(s) = +∞, lims→+∞Θ(s)/s = 0.
We define the subspaces E ′Θ of A′ by
E ′Θ :=
{
Φ ∈A′: ∀ε > 0 ∃Cε: for |ξ | > 1,
∣∣Φˆ(ξ)∣∣< Cε exp(εΘ(|ξ |))},
where for every Φ ∈A′ the Fourier transform Φˆ is defined by
Φˆ(ξ) = 〈Φ(x), e−ix·ξ 〉.
The elements of E ′Θ are called Θ-ultradistributions of Beurling–Roumieu type on R.
Definition 2.2. We denote by EΘ the space of Θ-ultradifferentiable functions of Beurling–
Roumieu type on R, whose dual space is E ′Θ .
The following characterization of the nonquasianalytic spaces EΘ by Fourier transform is well
known:
Theorem 2.3. (See [1,10].) EΘ and E ′Θ are nonquasianalytic spaces of ultradifferentiable func-
tions, respectively of ultradistributions, if and only if Θ is a nonquasianalytic weight, that is it
satisfies the condition:
+∞∫
1
Θ(σ)
σ 2
dσ < +∞.
In particular, when Θ is a quasianalytic weight function, the space EΘ does not contain any
nontrivial function with compact support.
Before stating our first result of well-posedness, we make an assumption on the modulus of
continuity of the coefficient a(t), namely an assumption on the vanishing speed of the function ω:
lim
ε→0+
ω(ε)
ω(ε
√
ω(ε))
=  for some , 1  < +∞. (2.3)
Theorem 2.4. Let the coefficient a(t) fulfill conditions (1.2) and (2.1) with a modulus of conti-
nuity satisfying (2.3); let u(t, x) ∈ C2([0, T ];A′) be a solution of
∂2t u − a(t)∂2xu = 0.
Let v(t, ξ) be its Fourier transform with respect to the space variable x and let
E(t, ξ) = ∣∣v′(t, ξ)∣∣2 + ξ2∣∣v(t, ξ)∣∣2. (2.4)
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E(t, ξ)E(0, ξ)eM|ξ |
√
ω(1/|ξ |) (2.5)
for some M < +∞.
We obtain then the following corollary.
Corollary 2.5. Let function a(t) satisfy conditions (1.2) and (2.1) with a modulus function ω
verifying (2.3). Then the Cauchy problem (1.1) is well posed in every class of ultradifferentiable
functions EΘ , where Θ satisfies
lim|ξ |→∞
Θ(|ξ |)
|ξ |√ω(1/|ξ |) = +∞. (2.6)
Proof. Let us consider the Cauchy problem (1.1) with Cauchy data u0 and u1 in some class of
ultradifferentiable functions EΘ , where Θ satisfies (2.6). The energy estimate (2.5) becomes
E(t, ξ)C1e−C2Θ(|ξ |)eM|ξ |
√
ω(1/|ξ |) (2.7)
for some C1,C2 and M < +∞. Corollary 2.5 follows easily from (2.6) and (2.7). 
We consider now some examples of functions ω(ε) and ask whether they verify the condition
(2.3). First of all we pose, for τ sufficiently large:
log(1)(τ ) = log(τ ), log(p)(τ ) = log(log(p−1)(τ )).
Example. Consider the following choices of ω(ε):
(α) ω(ε) = exp[−(log 1/ε)σ ], 0 < σ < 1;
(β) ω(ε) = (log 1/ε)−σ = exp[−σ log(log 1/ε)];
(γ ) ω(ε) =∏Nj=1[log(j)(1/ε)]−σj .
It is easy to verify that the condition (2.3) is verified in cases (β), (γ ) for every σ > 0 and
also in case (α), but only for σ  1/2: indeed the limit in (2.3) is equal to 1 in cases (β), (γ ) and
also (α), but only for σ < 1/2; it is e1/4 for σ = 1/2 and +∞ for σ > 1/2.
Correspondingly we get the following energy estimates from (2.5):
(α) E(t, ξ)E(0, ξ) exp(M|ξ | exp[− log(|ξ |)σ /2]);
(β) E(t, ξ)E(0, ξ) exp(|ξ |(log |ξ |)−σ/2);
(γ ) E(t, ξ)E(0, ξ) exp(|ξ |∏Nj=1[log(j)(|ξ |)]−σj /2).
From Theorems 2.3, 2.4 and Corollary2.5, we find that Cauchy problem (1.1) is well posed
only in a quasianalytic class in example (β) for σ  2 and in example (γ ) for σ1, . . . , σN  2.
Conversely, it is well posed in nonquasianalytic classes in example (α), for σ  1/2, and so for
any σ > 0, in example (β) for σ > 2 and in example (γ ) for σ1 = · · · = σN−1 = 2, σN > 2. This
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and nonquasianalytic spaces.
It is interesting to remark that, in the strictly hyperbolic case, see [2], the corresponding border
case is given by σ1 = · · · = σN−1 = 1, σN  1 or σ1 = · · · = σN−1 = 1, σN > 1.
One can ask what happens in intermediate cases, that is for coefficient a verifying not only
(1.2) but also such that, for some m > 0, one has:
for every t∗ ∈ [0, T ] lim inf
t→t∗ a(t)t
−m > 0. (2.8)
Then we have the following theorem.
Theorem 2.6. Let the function a(t) fulfill conditions (1.2), (2.8) and (2.1) with the modulus ω
verifying (2.3). Let u(t, x) ∈ C2([0, T ];A′) be a solution of
∂2t u − a(t)∂2xu = 0.
Let again v(t, ξ) be its Fourier transform with respect to the space variable x.
Then we have the following energy estimate:
E(t, ξ)E(0, ξ) exp
(
M|ξ |ω(1/|ξ |)(m+2)/2m) (2.9)
for some M < +∞.
We remark that estimate (2.9) for m → ∞ gives estimate (2.5), like in Theorem 2.4, while,
for m = 2, that is the effectively hyperbolic case, we find the result given in [2] for the strictly
hyperbolic case.
Moreover now, applying Theorem 2.6 to example (γ ), we see that the border case is given
by p1 = · · · = pN−1 = 1 + (m− 2)/(m+ 2), pN  1 + (m− 2)/(m+ 2) or p1 = · · · = pN−1 =
1 + (m − 2)/(m + 2), pN > 1 + (m − 2)/(m + 2).
Finally, we will prove that well-posedness results given by Corollary 2.5 and Theorem 2.6 are
sharp.
Theorem 2.7. Let ω(ε) be a modulus of continuity verifying (2.2) and (2.3) and let, for some
εo > 0, ϑ(ε) be defined in (0, ε0), strictly decreasing and verifying
lim
ε→0+
ϑ(ε) = +∞; (2.10)
moreover it is not restrictive to assume
lim
ε→0+
ω(ε)ϑ(ε) = 0. (2.11)
Then there is a function a(t) satisfying
a ∈ C∞([0,1[)∩ C[0,1], 0 a(t) 1, (2.12)
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and there exist two Cauchy data u0, u1 in the class of ultradifferentiable functions EΘ , for
some Θ verifying (2.6), such that the Cauchy problem (1.1) does not have any solution in
C0([0,1];E ′Θ).
An analogous theorem proves the sharpness of the result in Theorem 2.7.
3. Proofs of well-posedness results
We need now some notations.
For ε > 0, we introduce the following regularization of a(t):
aε(t) :=
∫
a(t + τ)
(
τ
ε
)
1
ε
dτ + δ, (3.1)
where  ∈ C∞0 ([−1,1]), 0    1,
∫
(τ) dτ = 1, ∫ |′(τ )|dτ  4 and we have set a(τ) =
a(T ) for τ > T and a(τ) = a(0) for τ < 0; moreover the positive constant δ will be chosen
later. From (1.2), we have
0 < δε  aε(t) Γ, (3.2)
for some positive constant Γ , whereas, from (2.1), we obtain∣∣aε(t) − a(t)∣∣Mω(ε) + δ (3.3)
and ∣∣a′ε(t)∣∣Mε−1ω(ε), (3.4)
for some positive constant M .
Next, for a given function u(t, x) ∈ C1([0, T ];A′(R)), let us denote by v(t, ξ) its Fourier
transform with respect to the space variable x and let us introduce the approximate microenergy
Eε(t, ξ) =
∣∣v′(t, ξ)∣∣2 + ξ2aε(t)∣∣v(t, ξ)∣∣2, (3.5)
with the choice of aε given in (3.1).
We will prove the following proposition, where we remark that assumption (2.3) is not as-
sumed.
Proposition 3.1. Let a(t) satisfy conditions (1.2) and (2.1) and let u(t, x) ∈ C2([0, T ];A′) be a
solution of utt − a(t)uxx = 0.
Then there is a positive constant M such that the function Eε(t, ξ) defined by (3.5) satisfies
Eε(t, ξ)Eε(0, ξ)eM(ε
−1+|ξ |√ω(ε)) (3.6)
for all t ∈ [0, T ], ε sufficiently small and ξ sufficiently large.
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v′′ + a(t)ξ2v = 0,
and hence, taking (3.2)–(3.4) into account, we have, for aε given by (3.1) and for the correspond-
ing approximate microenergy (3.5):
d
dt
Eε(t, ξ) = ξ2a′ε(t)|v|2 + 2ξ2
(
aε(t) − a(t)
)vv′
M
[
ω(ε)
εδ(ε)
+ |ξ |
(
ω(ε)√
δ(ε)
+√δ(ε))]Eε(t, ξ). (3.7)
We now choose
δ(ε) = ω(ε) (3.8)
and we use Gronwall’s inequality so that we obtain (3.6) immediately. 
Expression (3.6) is somewhat involved; we will see now as, thanks to assumption (2.3), one
can obtain a better energy estimate.
Proof of Theorem 2.4. We start from (3.6); we choose ε such that
|ξ |−1 = ε√ω(ε) (3.9)
then we substitute in (3.6) √ω(ε) by √ω(|ξ |−1) = √ω(ε√ω(ε)). This is possible thanks to
assumption (2.3). We then obtain:
Eε(t, ξ)Eε(0, ξ)eM|ξ |
√
ω(1/|ξ |) (3.10)
for some M < +∞.
From (3.10), taking (2.2), (3.2) and(3.8) into account, (2.5) follows immediately. 
Proof of Theorem 2.6. It is not restrictive to suppose a(0) = 0 and a(t) > ctm for t ∈ (0, T ].
We define now the “approximate coefficient” aε different from the one in (3.1) (see [5]):
aε(t) =
{∫
a(t + τ)( τ
ε
) 1
ε
dτ + δ for t  δε,∫
a(t + τ)( τ
ε
) 1
ε
dτ for t > δε.
(3.11)
We then obtain, as in (3.7)
d
dt
Eε(t, ξ) = ξ2a′ε(t)|v|2 + 2ξ2
(
aε(t) − a(t)
)vv′
M
[
ω(ε)
(m−1)/m + |ξ |
(
ω(ε)
(m−2)/2m +
(
δ(ε)
)(m+2)/2m)]
Eε(t, ξ). (3.12)ε(δ(ε)) (δ(ε))
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Eε(t, ξ)Eε(0, ξ)eM(ω(ε))
(1/m)(ε−1+|ξ |√ω(ε)). (3.13)
We obtain (2.9) from (3.13), by using assumption (2.3). 
4. Construction of the counterexample
The proof of Theorem 2.7 is in part similar to the construction of other counterexamples for
hyperbolic Cauchy problems, e.g. [3,6,9]; see, in particular, [4,8].
We consider a C∞ real nonnegative 2π -periodic function η such that η(τ) = 0 for all τ in a
neighborhood of 0 and
2π∫
0
η(τ) cos2 τ dτ = π.
We define, for all τ ∈ R and for a positive number ε to be chosen,
αε(τ ) = 1 + 4εη(τ) sin 2τ − 2εη′(τ ) cos2 τ − 4ε2η2(τ ) cos4 τ,
w˜ε(τ ) = cos τ exp
(
−ετ + 2ε
τ∫
0
η(s) cos2 s ds
)
,
wε(τ ) = eετ w˜ε(τ ).
The functions αε and w˜ε are 2π -periodic; moreover, we fix now an ε sufficiently small such that
for all τ ∈ R, and for some constant M , we have:
∣∣αε(τ ) − 1∣∣ 1/2, ∣∣α′ε(τ )∣∣M.
The function wε is the solution of the following Cauchy problem:
{
w′′ε + αε(τ )wε = 0 in R,
wε(0) = 1, w′ε(0) = 0.
Next we choose a real nonnegative C∞ function μ such that 0  μ(τ)  1 for all τ ∈ R,
μ(τ) = 0 for all τ  −1/3 and μ(τ) = 1 for all τ  1/3. Finally we consider three monotone
sequences {δk}, {νk} and {k} to be chosen later, of positive real numbers, with {νk} integers,
such that
δk → 0, νk → +∞, k → 0, (4.1)
+∞∑
k  1/2. (4.2)
k=0
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tk = 1 −
(
3
2
k + 2
+∞∑
j=k+1
j
)
, t ′k = 1 −
(
k
2
+ 2
+∞∑
j=k+1
j
)
,
and
Ik =
[
tk − k2 , tk +
k
2
]
, I ′k =
[
t ′k −
k
2
, t ′k +
k
2
]
.
We define
a(t) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1 for t ∈ [0, t0 − 0/2],
δkαε(
4πνk
k
(t − tk)) for t ∈ Ik,
δk + (δk+1 − δk)μ((t − t ′k)/k) for t ∈ I ′k,
0 for t = 1.
It is easy to check that a ∈ C∞([0,1[) ∩ C([0,1]) and a(t) > 0 for all t ∈ [0,1). Next, we
show how the prescribed modulus of continuity can be realized in the closed interval [0,1]: for
t, t + τ ∈ Ik , since αε is a 2π -periodic function, we have
sup
τ
|a(t + τ) − a(t)|
ω(|τ |)ϑ(|τ |) = sup|τ |k/νk
|a(t + τ) − a(t)|
|τ | ·
|τ |
ω(|τ |)ϑ(|τ |)
M (δkνk/k) (k/νk)
ω(k/νk)ϑ(k/νk)
.
From this it follows that condition (2.13) will be satisfied if we take
δk = ω
(
k
νk
)
ϑ
(
k
νk
)
. (4.3)
We construct now the functions u0, u1 and u. Let ϕk be the solution of the following Cauchy
problem:
{
ϕ′′k + h2ka(t)ϕk = 0,
ϕk(tk) = 1, ϕ′k(tk) = 0,
(4.4)
where
hk = νk/(k
√
δk ). (4.5)
The functions ϕk are in C∞([0,1)) and
ϕk(t) = wε
(
νk
k
(t − tk)
)
= eε
νk
k
(t−tk)
w˜ε
(
νk
k
(t − tk)
)
for all t ∈ Ik . The fact that the function w˜ε is 2π -periodic implies
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(
tk − k2
)
= exp
(
−ε
2
νk
)
, ϕ′k
(
tk − k2
)
= 0,
ϕk
(
tk + k2
)
= exp
(
ε
2
νk
)
, ϕ′k
(
tk + k2
)
= 0. (4.6)
Considering the energy of ϕk defined as
Eϕk (t) = h2ka(t)
∣∣ϕk(t)∣∣2 + ∣∣ϕ′k(t)∣∣2
we have
E′ϕk (t)
|a′(t)|
a(t)
Eϕk (t),
for all t ∈ [0,1), so that by Gronwall’s lemma
Eϕk (t)Eϕk
(
tk − k2
)
exp
( tk− k2∫
0
|a′(s)|
a(s)
ds
)
for all t ∈ [0, tk − k/2]. Since for all j ∈ N
tj+1−j+1/2∫
tj−j /2
|a′(s)|
a(s)
dt =
∫
Ij
|a′(s)|
a(s)
dt +
∫
I ′j
|a′(s)|
a(s)
dt
 2Mνj + log δj+1 − log δj
we deduce that
Eϕk (t) δkh2k exp
(
−ενk + 2M
k−1∑
j=0
νj
)
,
for all t ∈ [0, tk − k/2]. Supposing that
2M
k−1∑
j=0
νj 
ε
2
νk (4.7)
for all k ∈ N, we have
Eϕk (t)
(
νk
k
)2
exp
(
−ε
2
νk
)
(4.8)
for all k ∈ N and for all t ∈ [0, tk − k/2].
Now we require
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k→+∞
(
hk
√
ω(1/hk) − 4νk
)
= −∞; (4.9)
moreover we easily have:
lim
k→+∞
(
2 log(νk/k) − 4νk
)
= −∞. (4.10)
Taking (4.5) into account, (4.9) becomes:
lim
k→+∞
νk
k
√
δk
√
ω
(
k
√
δk
νk
)
− 
4
νk = −∞. (4.11)
Then, thanks to (4.3), it would be sufficient to have:
lim
k→+∞
√
ω(k
√
δk/νk)
k
√
ω(k/νk)ϑ(k/νk)
= 0. (4.12)
But δk < 1 and function ω is increasing, so that
ω(k
√
δk/νk)
ω(k/νk)
< 1. (4.13)
Thus, condition (4.9) will be satisfied if we impose
1
k
√
ϑ(k/νk)
= 2−k.
We choose then
k = 2−k, ϑ(k/νk) = 16k, (4.14)
that is
νk =
[
2−k
ϑ−1(16k)
]
+ 1, (4.15)
where ϑ−1 denotes the inverse function of ϑ and [x] denotes the maximum integer less than or
equal to x; thanks to (2.2), (2.10) and (2.11), ϑ−1(σ ) is a function defined in a neighbourhood
of +∞, decreasing to 0, as σ goes to +∞, more rapidly than σ−p for any p, so that (4.7) is
satisfied.
We define now
u0(x) =
+∞∑
k=0
ϕk(0)eihkx, u1(x) =
+∞∑
k=0
ϕ′k(0)eihkx, (4.16)
and
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+∞∑
k=0
ϕk(t)e
ihkx . (4.17)
In view of (4.9), we can now find a function Θ satisfying:
lim|ξ |→∞
Θ(|ξ |)
|ξ |√ω(1/|ξ |) = +∞, (4.18)
but also:
lim
k→+∞
(
Θ(hk) − 4νk
)
= −∞. (4.19)
The inequality (4.8) together with (4.19) implies that u0, u1 ∈ EΘ(R) and u ∈ C1([0,1);
EΘ(R)); moreover u is the (unique) solution to{
utt − a(t)uxx = 0,
u(0, x) = u0(x), ut (0, x) = u1(x) (4.20)
in the space u ∈ C2([0,1];A′(R)).
Finally (4.6) and (4.19) imply that
lim
k→+∞
(
ϕk
(
tk + k2
)
/ exp
(
Θ(hk)
))= lim
k→+∞ exp
(
ε
2
νk − Θ(hk)
)
= +∞,
and consequently u /∈ C([0,1];E ′Θ(R)).
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